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ON CLOSED GEODESICS IN NON-NEGATIVELY CURVED FINSLER
STRUCTURES WITH LARGE VOLUME GROWTH
SAJJAD LAKZIAN
ABSTRACT. We prove that a reversible Berwaldian Finsler structure (M, F) with
base-independent non-negative radial flag curvature and large volume growth
does not have any closed geodesics.
1. INTRODUCTION
In the past few years, the study ofmetric-measure spaces (not necessarily smooth)
that satisfy some curvature-dimension conditions (see [20][21][7]) has been an im-
portant theme in Mathematical research. If one is merely interested in under-
standing the limit of Riemannian manifolds with lower Ricci curvature bounds,
then one can restrict this class to the metric-measure spaces satisfying Riemann-
ian curvature-dimension conditions; namely, spaces that in addition to satisfying
curvature-dimension conditions, also enjoy a linear Laplacian (see Ambrosio-Gigli-
Savare´ [1]).
Finsler manifolds which have their origins in Physics and have been back in the
spotlight in the past couple of decades. For us, Finsler structures are important
because they can be made into spaces satisfying the above mentioned curvature-
dimension conditions (if we use the weighted Ricci curvature instead of the usual
one [11]) though, It is well-known that the distribution Laplacian that is used in
Finsler structures is a non-linear Laplacian therefore, Finsler manifolds are a source
of examples for spaces that are close to Riemannian manifolds in some sense but
do not satisfy Riemannian curvature-dimension bounds. Recently, there have been
many new developments in Finsler geometry that provide many key tools that
we need in order to do deeper geometric computations on these spaces. Among
these new developments, are the Bochner-Weitzenbo¨ck formula which has been
recently proven by Ohta-Sturm [12] and a version of Toponogov comparison theo-
rem proven by Kondo-Ohta-Tanaka [5]. The author’s previous paper, [6], uses the
Bochner-Weitzenbo¨ck formula to prove differential Harnack estimates for positive
solutions of heat equation under Bao’s Finsler-Ricci flow (Introduced in Bao [3]).
The current paper presents an application of the Kondo-Ohta-Tanaka’s Topolono-
gov triangle comparison theorem [5].
There is a good deal of research done regarding Riemannianmanifolds with large
volume growth and some curvature or conjugate radius lower bounds. With a
lower bound on the Ricci curvature, the key tools to use, usually are the Bishop-
Gromov volume comparison, Abresch-Gromoll’s excess estimates and Perelman’s
maximal volume result. For example, Perelman [15] proves that non-negative Ricci
1
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curvature and large enough volume growth implies the contractibility of the un-
derlying manifold and Munn [9] has found estimates for such thresholds both for
Riemannian manifolds and Alexandrov spaces [10]. Shen [18] has proven that
the manifold is of finite topological type provided that the sectional curvature is
bounded away from −∞ or with a lower bound on the conjugate radius. While,
there is a well-developed comparison geometry and in particular, volume compar-
ison theorem for Finsler structures (see Shen [19] and Wu-Xin [24]), the author is
not aware of any clean cut excess estimate for Finsler metrics so generating similar
results in the Finsler setting needs a lot more work.
With using a lower bound on the sectional curvature (or radial sectional curva-
ture), one can benefit a lot from the various versions of Toponogov’s comparison
theorems. One very clever use of Toponogov’s comparison result is the following:
Theorem 1.1 (Wan [23]). A complete non-compact Riemannian manifold, Mn with non-
negative sectional curvature and Euclidean volume growth, does not contain any closed
geodesics.
This paper is inspired by the above mentioned work of Wan [23]. In the Finsler
setting, in general there does not yet exist a well-defined notion of angle between
geodesics due to the fact that in the Finsler setting, lengths and ”angles” could vary
depending on the direction along which an observer is moving. A Toponogov type
comparison theorem (that we are going to use in this paper) has been proven only
recently in Kondo-Ohta-Tanaka [5].
We note that, in this paper, a closed geodesic is a geodesic loop which is smooth
at all its points. Ourmain result is the following Finsler counterpart of Theorem 1.1.
Theorem 1.2. Let (M, F) be a complete non-compact reversible Berwaldian Finsler struc-
ture that has base-independent non-negative radial flag curvature; then, M does not contain
any closed geodesics.
Since base-independent non-negative radial flag curvature condition is weaker
than non-negative flag curvature, we readily obtain the following corollary:
Corollary 1.3. Any complete non-compact reversible Berwaldian Finsler structure with
non-negative flag curvature and large volume growth can not contain any closed geodesics.
For the definition of the notions used in the statement of Theorem 1.2, see sec-
tions 2 and 3 below.
The structure of this paper is as follows: In section 2, we will briefly mention
some basic facts regarding Finsler geometry; in section 3, we discuss the Finsler vol-
ume comparison theorem under lower Ricci curvature bounds and its straightfor-
ward generalization to annuli and we will prove a key lemma; section 4, discusses
the Toponogov’s comparison theorem proven by Kondo-Ohta-Tanaka [5] and some
of its consequences; In section 5, we will complete the proof of Theorem 1.2.
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2. PRELIMINARIES
In this section, we will briefly mention some basic definitions and notions in
Finsler geometry. There are many good expository references for this subject, for
example see [2] and [16].
2.1. Finslerian Structure. A Finslerian structure is a pair (Mn, F) consisting of a
connected C∞ manifold M and a Finsler norm, F : TM → R, that is required to
satisfy the following conditions:
(F1) F is C∞ on TM \ 0,
(F2) F restricted to the fibres is positively 1−homogeneous,
(F3) For any nonzero tangent vector y ∈ TM, the approximated symetric metric
tensor, gy, defined by
(1) gy (u, v) :=
1
2
∂2
∂s∂t
(
F2 (y+ su+ tv)
) |s=t=0,
is positive definite.
2.2. Cartan Tensor. Cartan tensor, Cy : ⊗3TM → R, measures the non-linearity of
a Finsler structure and is defined by
(2) Cy (u, v,w) :=
1
2
d
dt
[
gy+tw (u, v)
]
.
2.3. Legendre Transform. In order to define the gradient of a function, we need
the Legendre transform, L∗ : T∗M → TM; For ω ∈ T∗M, L∗(ω) is the unique
vector y ∈ TM such that,
(3) ω(y) = F∗(ω)2 and F(y) = F∗(ω),
in which, F∗ ia the dual norm to F.
For a smooth function u : M → R, the gradient of u, ∇u(x) is defined to be
L∗(Du(x)).
2.4. Geodesic Spray and Chern Connection and Curvature Tensor. In is straight-
forward to observe that the geodesic spray in the Finsler setting is of the form,
G = yi ∂∂xi − 2Gi(x, y) ∂∂yi where,
(4) Gi(x, y) =
1
4
gik
{
2
∂gjk
∂xl
− ∂gjl
∂xk
}
yjyl .
The non-linear connection that we will be using in this work is the Chern connec-
tion, the connection coefficients of which is given by
(5) Γijk = Γ
i
kj :=
1
2
gil
{
∂glj
∂xk
− ∂gjk
∂xl
+
∂gkl
∂xj
− ∂glj
∂yr
Grk +
∂gjk
∂yr
Grl −
∂gkl
∂yr
Grj
}
,
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where, Gij :=
∂Gi
∂yj
.
2.5. Berwaldian Structure. For Berwald metrics, the geodesic coefficients, Gi are
quadratic in terms of y (by definition) which immensely simplifies the formula for
connection coefficients. In fact in for Berwald metrics we have Γijk =
∂2Gi
∂yj∂yk
.
2.6. Riemann Curvature. Similar to the Riemannian setting, one uses the Chern
connection or any other known Finsler connection (and the associated covariant
differentiation) to define the curvature tensor (of course depending on a nonzero
vector field V).
(6) RV(X,Y)Z := [∇VX ,∇VY ]Z−∇V[X,Y]Z.
2.7. Flag and Ricci Curvatures. Flag curvature is defined similar to the sectional
curvature in the Riemannian setting. For a fixed flag pole, v ∈ TxM and for w ∈
TxM, the flag curvature is defined as
(7) Kv (v,w) := gv (R
v(v,w)w, v)
gv (v, v) gv (w,w)− gv (v,w)2
.
The Ricci curvature is then the trace of the Flag curvature i.e.
(8) Ric(v) := F(v)2
n−1
∑
i=1
Kv (v, ei),
where, {e1, . . . , en−1, vF(v)} constitutes a gv−orthonormal basis of TxM.
2.8. S−Curvature. Associated to any Finsler structure, there is one canonical mea-
sure, called the Busemann-Hausdorff measure, given by
(9) dµF := τF(x)dx1 ∧ · · · ∧ dxn,
where τF(x) is the volume ratio
(10) τF(x) :=
vol (BRn(1))
vol (y ∈ TxM | F(y) ≤ 1) ;
The set whose volume comes in the denominator of (10) is called the indicatrix and
there is often no known way to express its volume in terms of the equation of F.
The S−curvature, which is another measure of non-linearity, is then defined as
(11) S(y) :=
∂Gi
∂yi
(x, y)− yi ∂
∂xi
(ln σF(x)) .
One important well-known fact that we will use later on is that if (M, F) is Berwal-
dian, then the S−curvature vanishes identically (however the converse is not true).
See Shen [19] for a proof. For more details regarding the S− curvature, please
see [17] for example.
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2.9. Reversibility Constant. One important factor in our estimates is the so called
reversibility constant , ρ, of the Finsler structure (M, F), which is defined by
(12) ρ = sup
TM\0
F(−y)
F(y)
.
For M compact, this constant will be finite. (M, F) is called reversible if ρ = 1 i.e.
(13) F(X) = F(−X) ∀X ∈ TM.
Using this constant, the triangle inequality gives us the inequalities
(14) F(y)− ρF(z) ≤ F(y+ z) ≤ F(y) + F(z),
for any y, z ∈ TxM.
3. VOLUME COMPARISON AND VOLUME GROWTH
3.1. VolumeComparisonTheorem. Volume comparison theorems for Finsler struc-
tures first appeared in Shen [19]. We will be using a particular form of the relative
volume comparison for annuli; hence, we will need a little set up first.
Let (M, F) be a finsler structure. For any p ∈ M, the indicatrix, Ip is
(15) Ip :=
{
y ∈ TpM | F(p, y) ≤ 1
}
.
The indicatrix, is convex and hence its boundary can be thought of as the unit
sphere in the tangent space, TpM. The boundary of the indicatrix is of course given
by
(16) ∂Ip =
{
y ∈ TpM | F(p, y) = 1
}
.
Now, let Γ ⊂ ∂Ip be a measurable subset and let
(17)
AΓr,R(p) :=


x ∈ M
∣∣∣∣ r ≤ d(p, x) ≤ R and there exists a unit speed geodesic,
γ(t) , from p to x with γ˙(0) ∈ Γ.


On the other hand, for a different measurable subset of the unit sphere in the
comparison space,
(18) Σ ⊂ Sn−1(1) and Hn−1 (Σ) 6= 0,
let
(19) Vκ,λr,R,Σ := Hn−1 (Σ)
∫ R
r
eλtsκ(t)
n−1 dt.
where,
(20) sκ(t) :=


sin
(√
κt
)
κ > 0
t 0 ≤ κ = 0
sin
(√−κt) κ < 0.
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Theorem 3.1 (volume comparison for annuli). Let (Mn, F, dµF) be a complete Finsler
manifold. Suppose that
(21) Ric ≥ (n− 1)κ and ‖S‖ ≤ λ,
then, for 0 ≤ r ≤ s ≤ S and 0 ≤ r ≤ R ≤ S we have
(22)
vol
(
AΓs,S
)
Vκ,λs,S,Σ
≤
vol
(
AΓr,R
)
Vκ,λr,R,Σ
.
Proof. Write the Busemann-Hausdorff volume form in polar coordinates as
(23) dµF = τF(r, θ)dr ∧ dθ1 ∧ · · · ∧ dθn−1.
From [24, Theorem 6.3], we know that the radial function
(24)
τF(r, θ)
eλrsn−1κ (r)
is non-increasing in r. Now using a calculus lemma [25, Lemma 3.2], the result
follows. 
Remark 3.2. The major difference between Riemannian volume comparison and Finsler
volume comparison is the term eλt (λ is an upperbound for the S−curvature) in the de-
nominator. This is due to the fact that S measures the change of the Hausdorff measures for
nearby tangent spaces (which is 0 in the Riemannian setting.) Roughly, speaking it is like
having some negative curvatures somewhere nearby and that would increase the volume
exponentially and hence the exponential compensation term in Theorem 3.1.
3.2. Volume Growth (Asymptotic Volume). Let (M, F) be a Finsler structure that
satisfies
(25) Ric ≥ (n− 1)κ and ‖S‖ ≤ λ,
and let p ∈ M be a point. Then Theorem 3.1 says that
(26) vM := lim
r→∞
vol (B(p, r))
Vκ,λ
0,r,Sn−1
,
exists and is less than 1. Also it is a standard fact that vM does not actually depend
on the base point p.
Definition 3.3 (volume growth). vM is called the volume growth (or asymptotic volume)
of M.
Definition 3.4. We say (M, F) has large volume growth whenever vM > 0.
It turns out that one can compute the volume growth by just measuring the vol-
ume of geodesic rays. Intuitionally, this is not surprising since as we go off to
infinity, the effective volume is the volume of rays. We will make this precise in the
next two lemmas.
Definition 3.5. Let (M, F) be a Finsler structure and p ∈ M. Then the ray directions are
defined as follows:
(27) Γray :=
{
y ∈ ∂Ip | expp(ty) is a geodesic ray
}
.
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Lemma 3.6. Let (M, F) be a Finsler structure and p ∈ M. Then, Γray ⊂ ∂Ip is closed.
Proof. The proof follows from the simple fact that the limit of a sequence of geodesic
rays is again a geodesic ray. 
For any subset, Γ ⊂ ∂Ip, let
(28) B
(
Γcray, r
)
:= B(p, r) ∩ C(Γ) where, C(Γ) := {exppty | t ≥ 0 and y ∈ Γ} .
Lemma 3.7. Let (M, F) be a Finsler structure that satisfies
(29) Ric ≥ 0 and ‖S‖ ≤ λ,
(30) lim
r→∞
vol
(
B
(
Γcray, r
))
V0,λ
0,r,Sn−1
= 0.
Proof. For a small δ, take the δ−neighbourhood, Tδ
(
Γray
) ⊂ Ip. Then, applying the
volume comparison theorem (Theorem 3.1) to Γ := Tδ
(
Γray
) \ Γray, we get
vol
(
B
(
Tδ
(
Γray
) \ Γray, r))
V0,λ
0,r,Sn−1
≤ lim
r→0
vol
(
B
(
Tδ
(
Γray
) \ Γray, r))
V0,λ
0,r,Sn−1
(31)
L’Hoˆpital’s
≤ H
n−1 (Tδ (Γray) \ Γray)
n
.
Now, letting δ→ 0, we get the desired conclusion. 
Lemma 3.8 (volume of rays). Let (M, F) be a Finsler structure that satisfies
(32) Ric ≥ 0 and ‖S‖ ≤ λ,
and let Σ ⊂ Ip be as above (determining rays). Then,
(33) lim
r→∞
vol
(
B
(
Γray, r
))
V0,λ
0,r,Sn−1
= vM and, vol
(
B
(
Γray, r
)) ≥ vMV0,λ0,r,Sn−1.
Proof. Proof is very similar to the Riemannian case ( for example, see [14, Lema 4.]).
First we notice that, Σ is closed from Lemma 3.6. Then, we write
(34) vol (B (p, r)) = vol
(
B
(
Γray, r
))
+ vol
(
B
(
Γcray, r
))
.
Now the result follows directly from Lemma 3.7. 
4. TOPONOGOV TYPE COMPARISON
4.1. ”Von Mongoldt” Model Surfaces. In this section, we introduce the compari-
son spaces that will be used in the finslerian Toponogov comparison theorem. For
us, a von Mongoldt surface is a triple
(
R2, g˜,G
)
where
(35) g˜ = dt2 + f 2(t)dθ2 f or (t, θ) ∈ (0,∞)× S1.
8 SAJJAD LAKZIAN
is a smooth metric (hence, satisfying f (0) = 0 and f ′(0) = 1), and the non-
increasing function, G(t), is the sectional curvature of g˜ which is given by
(36) G(t) = − f
′′(t)
f (t)
.
Definition 4.1 (radial flag curvature bound). Let (M, F, p) be a pointed Finsler man-
ifold. We say that M has radial flag curvature bounded below by that of a von Mongoldt
surface
(
R2, g˜,G
)
whenever
(37) Kx ≥ G(dF (x, p)),
in which, Kx denotes the sectional curvature(s) at x.
Let (M, F) be a forward complete Finsler structure and let p ∈ M be a point. We
can define notions of forward and backward angles based on the first variation of
length.
Definition 4.2 (forward and backward angles, Kondo-Ohta-Tanaka [5]). Let γ :
[0, l] → M be a unit speed minimal geodesic joining a to c and let b be a point on γ;
Then,
Forward angle
−→
∡ pbc is defined via
(38) cos
(−→
∡ pbc
)
:= − lim
h→0+
d (p, b+ h)− d (p, b)
dmax (b, b+ h)
,
and similarly, backward angle via
(39) cos
(←−
∡ pba
)
:= lim
h→0+
d (p, b)− d (p, b− h)
dmax (b− h, b) ,
where,
dmax(x, y) := max {d(x, y), d(y, x)}
=
d(x, y) + d(y, x) + |d(x, y)− d(y, x)|
2
(40)
=
∫ d(x,y)
0
max {F(c˙(t)), F(−c˙(t))} ds.
Now we can state the Toponogov comparison of Kondo-Ohta-Tanaka [5]
Theorem 4.3 (ToponogovTypeComparison, Kondo-Ohta-Tanaka [5]). Suppose (M, F)
is a Berwaldian forward complete connected Finsler structure and p ∈ M. Assume that the
radial flag curvature is bounded below by that of
(
R2, g˜,G
)
in the sense of Definition 4.1.
Furthermore, assume f ′(0) = 0 for a unique value of ρ ∈ (0,∞). Suppose△
(−→pa,−→pb,−→ab)
is a forward triangle in M such that for a small neighborhood, N(c) of c, we have
(i) c ([0, dF(x, y)]) ⊂ M \ B+ρ (p) (where, B+ρ (p) is the closure of the forward ball of
radius ρ),
(ii) gν (ω,ω) ≥ F(ω)2, for all z ∈ N(c), ν ∈ T V p(z) and ω ∈ TzM (where,
T V p(z) is as in Definition 4.9).
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If△
(−→pa,−→pb,−→ab) admits a comparison triangle △ (o˜a˜, o˜b˜, a˜b˜), then,
(41)
−→
∡ a ≥ ∡a˜ and ←−∡ b ≥ ∡b˜.
Remark 4.4. Assumption (ii) in Theorem 4.3 (which expresses some uniform convexity)
always holds due to Ohta [13].
A very crucial lemma that we will need in our approach is the following double
triangle lemmawhich allows us to use the Toponogov’s triangle comparison in situ-
ations where one of geodesics is not minimal (which will be the case in our setting).
Lemma 4.5 (double triangle lemma, Kondo-Ohta-Tanaka [5] ). Suppose △ p˜x˜y˜ and
△ p˜y˜z˜ be two geodesic triangles in M˜ such that the arguments of their vertices satisfies
(42) 0 = arg(x˜) < arg(y˜) < arg(z˜),
and such that,
(43) ∡p˜y˜x˜+∡p˜y˜z˜ ≤ π.
If there is a geodesic triangle△△ p˜a˜b˜ in M˜ for which,
(44) d˜ ( p˜, a˜) = d˜ ( p˜, x˜) and d˜
(
p˜, b˜
)
= d˜ ( p˜, z˜) and d˜
(
a˜, b˜
)
= d˜ (x˜, y˜) + d˜ (y˜, z˜) ,
then we have
(45) ∡x˜ ≥ ∡a˜ and ∡y˜ ≥ ∡b˜.
We know that for Riemannian manifolds with non-negative sectional curvature
(or for metric spaces with non-negative curvature in the sense of Alexandrov), the
comparison angles are monotonically non-increasing as the length of geodesic in-
creases. In the following lemma, we will prove a similar behaviour in the Finsler
setting.
Lemma 4.6 (monotonicity of the comparison angle). Suppose (M, F) is a Finsler
structure with base-independent non-negative radial flag curvature. Let σ(t) be a geodesic
emanating from a (i.e. σ(0) = a). Consider the forward geodesic triangle△
(−−−→
pσ(t),
−→
∡ paσ(t),
−−→
aσ(t)
)
and let bt := σ(t). Then the comparison angle ∡p˜a˜b˜t is non-increasing in t.
Proof. Consider the forward geodesic triangle△
(−→pa,−→pbt,−→abt
)
.
Step I: Small t. For small t, σ(t) is minimizing and a comparison triangle in the
model space
(
R2, gEuc
)
exists and monotonicity of the comparison angle is stan-
dard.
Step II: Cut and paste argument. Suppose 0 < s < t and σ|[0,s] and σ|[s,t] are
minimizing. Also assume that comparison triangles,△ ( p˜a˜b˜s) and△ ( p˜b˜sb˜t) exists.
Since, these two triangles are in R2 we can paste them together along the sides of
common length. Also by the definition of angles we have
(46)
←−
∡ pbsa+
−→
∡ pbsbt ≤ π,
and from Theorem 4.3, we get
(47) ∡p˜b˜s a˜+∡p˜b˜sb˜t ≤ π.
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Notice that, we are in the setting of Lemma 4.5. So, if p˜q˜r˜ is a comparison triangle
with
(48) p˜q˜ = p˜a˜ and p˜r˜ = p˜b˜t and q˜r˜ = a˜b˜s + b˜sb˜t,
then,
(49) ∡p˜q˜r˜ ≤ ∡p˜a˜b˜s,
and of course, by Theorem 4.3, one has
(50) ∡p˜a˜b˜s ≤ −→∡ pabs .
Combining 49 and50, we see that
(51) ∡p˜q˜r˜ ≤ −→∡ pabs.
Step III: Iterating step II. Consider a partition
(52) 0 = s0 < si < · · · < sk = t,
such that σ|[s j ,s j+1] is minimizing and let bj := σ(sj). Iterating step II, we get
(53)
−→
∡ pab1 ≥ ∡p˜x˜y˜,
where,△ ( p˜x˜y˜) is a comparison triangle with
(54) p˜x˜ = p˜a˜ and p˜y˜ = p˜b˜t and p˜y˜ = x˜y˜ =
k−1
∑
i=0
b˜jb˜j+1 = Length(σ|[0,t]).

Lemma 4.7 (Riemannian rays ⊥ closed geodesics [14]). Let σ(t) : [0, l] → Mn be
a unit speed closed geodesic on a complete open manifold Mn with non-negative sectional
curvature. Suppose γ is a ray emanating from a = σ(0), then,
(55) γ˙(0) ⊥ σ˙(0) = σ˙(l).
Proof. For the sake of clarity, we repeat the proof that has appeared in Ordway-
Stephens-Yang [14] . Using the Riemannian Toponogov’s comparison theorem , for
a point b = σ(s), one has
(56) cos θ ≤
t2 + s2 −
(
γ(t)b
)2
2ts
where, θ := ∡γ(t)σ(0)b.
Notice that despite the notation, θ does not depend on b.
Letting s→ l and noting that σ(l) = a = γ(0), we get
(57) cos θ ≤ l
2t
.
Now letting t → ∞, we get cos θ ≤ 0 therefore, θ ≥ π2 . Since σ is a closed geodesic
and smooth at all its points, repeating the above argument for the closed geodesic
σ¯ defined as σ¯(t) := σ(l− t) will tell us that π− θ ≤ π2 which means θ ≥ π2 and we
are done. 
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The following lemma is the Finsler counterpart of Lemma 4.7. As you will see,
in contrast to the Riemannian setting, we need to apply the Finsler Toponogov
comparison to a diverging sequence of points on the ray. Though neither of the
results so far needed reversibility, for the following Lemma, we have to assume
reversibility for the reasons that will become clear in the proof.
Lemma 4.8. Let (M, F) be a Berwaldian and reversible forward complete Finsler struc-
ture with base-independent non-negative radial flag curvature. Suppose σ : [0, l] → M is
a unit speed closed geodesic in M and suppose γ(t) is a ray emanating from a := σ(0) =
γ(0). let b := σ(s) then,
(58) lim
t→∞
−→
∡ γ(t)ab =
π
2
.
Proof. Suppose not. Suppose for tj ր +∞ and a fixed ǫ > 0 we have
(59)
−→
∡ γ(tj)ab ≤ π
2
− ǫ.
Notice that by the definition of a forward angle,
−→
∡ γ(t)aσ(s) does not depend on s
so from Lemma 4.6, we get
(60)
−→
∡ γ(tj)aσ(s) ≥ ∡o˜x˜y˜,
where,△ (o˜a˜b˜) is a comparison triangle that satisfies
(61) o˜x˜ = o˜a˜ and o˜y˜ = o˜b˜ and x˜y˜ = s.
Now, first letting s→ l, and then j→ ∞, by Lemma 4.7, we get
(62) lim
j→∞
−→
∡ γ(tj)aσ(s) ≥ π
2
,
which is a contradiction. Since, F is assumed to be reversible, σ¯(s) := σ(l − s)
is again a closed geodesic and applying the same argument to σ¯(s) completes the
proof. 
4.2. Finsler Angles and First Variation. In this section, we will mention the rela-
tion between the forward and backward angles and the first variation formula in
the Finsler setting.
First we need the to define the terminal velocity set of minimizing geodesics.
Definition 4.9 (terminal velocity set). For two points p, x ∈ M, the terminal velocity
set from p to x is defined as follows
(63)
T V p(x) :=
{
µ˙(l) ∈ TxM
∣∣∣∣ µ : [o, l = d(p, x)] → M is a minimal geodesic from p to x.
}
.
The following first variation theorem of Tanaka-Sabau [22] will tell us how to
compute the Finsler angles.
Theorem 4.10 (First variation Formula, Tanaka-Sabau [22]). Let (Mn, F) be a Finsler
structure and fix a point p ∈ M. Let {γi} with Length(γi) = li are unit speed minimizing
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geodesics from p to their end points xi := γ(li) that are converging to the minimizing
geodesic, γ. Suppose the limit,
(64) yvar := lim
i→∞
1
F (xi)
exp−1x (xi) ,
exists; then, we have the following generalized first variation formula,
(65) lim
i→∞
dF (p, xi)− dF (p, x)
dF(x, xi)
= min
ω∈T V p(x)
gω (yvar,ω) .
5. MAIN RESULT
In this section, we complete the proof of Theorem 1.2.
Lemma 5.1. Suppose γ is a ray emanating from p, then
(66) T Vγ(t)(p) → {−γ˙(0)},
with respect to the Hausdorff distance.
Proof. Suppose not, then we will have v 6= w ∈ ∂Ip for which
(67) lim
t→∞ (exp(tv), exp(tw)) = 0.
Applying Theorem 4.3 based at q := exp(tv) (or r := exp(tw)) and to the forward
triangle △ (−→qp,−→qr ,−→qr ) and then letting t → ∞ will imply that v = w which is a
contradiction. 
5.1. Proof of Theorem 1.2.
Lemma 5.2. Let p := σ(0) and consider the map h : ∂Ip → R given by
(68) h(v) = gv (σ˙(0), v) .
Then, we have
(69) Γray ⊂ h−1(0).
Proof. Take xi := σ(1/i), then in the virtue of Theorem 4.10, we have yvar = σ˙(0)
and by Lemma 5.2 and (65), we get the desired result. 
This means thatHn−1(Γray) = 0 (in fact, the Hausdorff dimension of Γray is n− 2
since h is not locally constant). Since, exp is smooth, Sard’s theoremwill ensure that
(70) vol
(
B
(
Γray, r
))
= 0 ∀r > 0
Using Lemma 3.8, we get vM = 0, which is a contradiction. Q.E .D.
Remark 5.3. One consequence of this result is the topological observation that, if (M, F) is
Berwaldian, reversible and non-negatively curved with large volume growth and if injradM >
0, then M is simply connected.
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The author is unaware of any theorems generalizing Cheeger-Gromoll’s soul the-
orem to the Finsler setting. Though, if the Riemannian soul theorem was to hold
in the Berwaldian and reversible non-negatively curved Finsler manifolds, then
we would have the following consequence (the Finsler counterpart of Marenich-
Toponogov’s theorem ([8])) due to the fact that existence of a compact sould would
guarantee the existence of a closed geodesic (with a little work as in Klingen-
berg [4]).
Conjecture 5.4. Let (M, F) be Berwaldian, reversible and non-negatively curved with
large volume growth. Then, M is diffeomorphic to Rn.
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